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Abstract: We experimentally verified that anisotropic Hermite-Gaussian
modes can be generated from a hemi-cylindrical laser cavity and can be
transformed into high-order Laguerre-Gaussian modes using an extra-cavity
cylindrical lens. We further combined the Huygens integral and the ABCD
law to clearly demonstrate the transformation along the propagation
direction. By controlling the pump offset and the pump size in hemi-
cylindrical cavities, we experimentally observed the unique laser patterns
that displayed the optical waves related to the coherent superposition of
Laguerre-Gaussian modes.
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1. Introduction

Optical spatial mode generation has recently attracted considerable interest in branches of
modern physics such as quantum entanglement [1—4], optical trapping [5], transfer of optical
angular momentum [6], and information processing [7,8]. The propagation of a coherent
optical wave inside a laser cavity is similar to the propagation of a quantum wave inside a
mesoscopic structure [9]. The important analogy implies that the Hermite-Gaussian (HG)
modes and Laguerre-Gaussian (LG) modes are identical to the rectangular and circular
eigenstates of the two-dimensional harmonic oscillator [10—12]. Constructing optical waves is
crucial and beneficial to realize numerous quantum signatures in an optical context, such as
quantum chaos phenomena [13,14], geometric phases [15], and quantum tunneling [16].
Recently, various laser systems have been widely used to study optical pattern formation
including LG modes, HG modes, and the transformation between the two families [17—19].
The systematic generation of optical transverse modes is one of the major concerns in
developing the connection between optical waves and quantum waves.

A LG beam characterized by orbital angular momentum is one of the most essential
features of optical waves. The approaches for generating LG beams can be broadly divided
into two categories: intra- and extra-cavity approaches. Shaping the beam profile out of the
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cavity to generate LG beams involves using an astigmatic mode converter [20], computer
hologram [21], and spatial light modulator [22]. Conversely, a spatial transverse mode can be
selected by inserting an intra-cavity element or manipulating the pump profile to achieve low
energy losses for a specific LG mode [23,24]. The intra-cavity method is more efficient than
the extra-cavity method for generating high-order LG beams because the extra-cavity scheme
may be limited by optical elements [25]. Although the transformation from HG modes to LG
modes has been successfully reconstructed for low-order and single modes, no study has
focused on the transformation of HG modes into LG modes for high-order and multiple
modes using a compact experimental setup.

In this study, we first experimentally verified that anisotropic HG modes generated from a
hemi-cylindrical laser cavity can be transformed into high-order LG beams accompanied by
the astigmatic compensation of an extra-cavity cylindrical lens. By combining the ABCD law
and Huygens integral, the optical waves were clearly demonstrated under propagation.
Furthermore, we experimentally employed off-axis and defocusing pumps to manipulate the
output LG modes from low to high order and from single to multiple. The superposition of
the LG modes revealed intriguing optical transverse patterns. Because the laser cavity is a
well-defined analog system used for studying quantum waves, the present findings are useful
for understanding the fundamental behavior of wave functions under the condition of a
deformed harmonic oscillator with perturbation.

2. Experimental apparatus and propagation of astigmatic Hermite-Gaussian modes

The laser system was a diode-pumped Nd:YVO, laser. The cavity composed of a cylindrical
mirror and a gain medium with coating is referred to as a simple astigmatic resonator [26].
Figure 1 shows a schematic diagram of the laser cavity arrangement. A cylindrical concave

mirror with a radius of curvature of R =12mm was used as a front mirror, and its reflectivity
was 99.8% at 1064 nm. The cavity length was set as L <R to provide a stable cavity. The

Gain medium

Focusing lens

Electric driver

"
Laser diode

Fig. 1. Experimental setup for the generation of astigmatic HG beams using a diode-pumped
microchip laser with an off-axis pumping scheme in a hemi-cylindrical cavity.

Cylindrical lens

laser gain medium was an a-cut 2.0-at. % Nd:YVOj, crystal with a length of 2mm . One side
of the Nd:YVOq crystal was coated for antireflection at 1064 nm; the other side was coated as
an output coupler with a reflectivity of 99%. The pump source was an 809 nm fiber-coupled
laser diode with a core diameter of 100 #m , a numerical aperture of 0.16, and maximal

power of 3 W. A focusing lens with a 20mm focal length and 90% coupling efficiency was
used to guide the pump beam into the laser crystal. It was mounted on a two-dimensional
mechanical stage to adjust the pump offset to excite high-order spatial modes. The level of
astigmatism that developed from the anisotropic transverse boundary was considerable in the
hemi-cylindrical cavity. In addition, the pumping profile guided onto the gain medium was
altered to be anisotropic by passing through the cylindrical front mirror. The transverse
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profile of a fundamental mode differs from the mode generated from a traditional spherical
cavity and is propagation variant along the z- axis. Figures 2(a)-2(e) show the experimental
results for the transverse profiles of the fundamental anisotropic Gaussian beam along the
propagation direction. The cavity length was fixed at L =5 mm . The intensity of the near-

field image was clearly more focused in the y direction than in the x direction because of the
difference between the radii of curvature in the x and y directions of the cylindrical mirror.
The line-shape near-field image gradually became isotropic at the position z=5.0L , and the
image subsequently became a vertical lineshape at the far field. Because the boundary of the
laser cavity was anisotropic, the pump offset along the y-axis sufficiently contributed to the
generation of transverse high-order modes. To achieve the high-order mode, the cavity length
and the pump offset were fixed at 8mm and 100 #m , respectively. Figures 3(a)-3(e) show
the experimental results for the anisotropic HGys mode along the propagation direction. The
tomogram clearly displays the structural variation in the shape of the astigmatic high-order
HG mode, which differed from that of the traditional HG mode.

Fig. 2. (a)—(e): Experimental tomographic transverse patterns of the astigmatic HGyo mode
from the near field to the far field. (a’)—(e’): Numerically reconstructed patterns for the
experimental results.

3. Theoretical analyses for the propagation of astigmatic Hermite-Gaussian modes

The astigmatic Gaussian modes of paraxial wave equation and the relation between Gaussian
modes of various orders are explicitly presented by an operator method [10,27-29]. The
methods and results can be applied to the evolution of a particle in free space because of the
analogy between the paraxial wave equation and the Schrodinger equation. In this section, we
used the Huygens integral to convert the laser modes emitted from the hemi-cylindrical cavity
through an ABCD optical system. The Huygens integral of an input beam of a high-order HG
mode in one transverse dimension associated with an ABCD matrix of length d can be given

by
ﬂ(Ax§ —2x0x+Dx2)
BA

,(12) =[x (1) exp i

BA

dx, (1)

where k is the wave number and 4 is the wavelength in free space. The input HG mode can
be represented as [30]

u, (x),2,) = 2 H (ﬁxo J exp {—i”xé } )

YnaNT " @ Aq,
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where @, is the beam waist, 9o is the q parameter at the beam waist, and #,, () is a Hermite
polynomial of order n . After performing a complex algebraic calculation, the one-
dimensional HG mode traveling through an arbitrary optical system of the ABCD matrix can
be modified as

_ \/E 1 n% w ! \/Ex T’
) e ) () )0l 5] o

12
where ¢ = (4q,+B)/(Cq,+D) and w:wo((A+B/q0)2 +i[23/1(‘4+3/‘10)/”a)§ ]) . The

phase term exp(~ikd) in Eq. (1) was neglected because it does not affect the intensity
distribution. By considering the hemi-cylindrical cavity as an anisotropic two-dimensional
system, the general field distribution of the two-dimensional HG mode expanded from Eq. (3)
can be written as

u,, (x,0,z)=u,(x,z)-u,(y,z)

n+1/2 m+1/2 n m
~ I 1 1 o V(o) &
2" rnlm! @, @,, A +B_/q,, Ay+By/qu ,, @,,
2 2
xH, V2 H, 2y exp| —i2 | exp| —iZ2
o, @, Aq, Aq,

Therefore, we can conveniently apply Eq. (4) to describe the anisotropic HG modes passing
through an arbitrary optical system with a simple 2 X 2 matrix. To interpret the experimental
results in Figs. 2(a)-2(e) and Figs. 3(a)-3(e) by Eq. (4), the effective radius of curvature
induced by the thermal lens effect should be determined first. A thermal lens effect caused by
the thermal gradient in the gain medium provides confinement for the transverse mode in the
x-axis direction. The effective radius of curvature induced by the thermal lens effect was

verified to be 1000mm | which corresponded to the experimental results shown in Figs. 2(a)—

2(e). The curvature of the cylindrical lens was placed along the y-axis as R, =12mm anq
the cavity length was fixed at L=5mm , The propagation matrix for the lasing modes
emitted from the hemi-cylindrical cavity can be represented as

Mx(z):My(z):(l Z]. 5)

Substituting the parameters into Eq. (4), the numerical results for the lasing modes under
propagation can be revealed. Figures 2(a’)-2(e”) show the numerical results for the transverse
beam profiles from z=0 to the far field; these results are consistent with the experimental
results. The difference between the two radii of curvature along the orthogonal axes indicates
that the astigmatic fundamental mode was generated from the hemi-cylindrical cavity. The
beam waist along the y-axis was approximately 4 times smaller than that along the x-axis. By
contrast, the divergence angle in the y direction was approximately 4 times larger than that in
the x direction. The radius of curvature resulting from the thermal lens effect along the x-axis

was 5000mm | which corresponds to the experimental result presented in Figs. 3(a)-3(e).
Figures 3(a”)-3(e’) show the numerical results for the transverse beam profiles of the HGy
mode from z =0 to the far field.
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Fig. 3. (a)—(e): Experimental tomographic transverse patterns of the astigmatic HG, ¢ mode at

z=0, 1.5L s 3-0L, 8.0L , and far field. (a”)—(e’): Numerically reconstructed patterns
for the experimental results.

The effective radius of curvature caused by the thermal lens effect depends on several
parameters of the laser cavity, such as the pump offset, the degree of defocus, and cavity
lengths. A large astigmatism was induced by the hemi-cylindrical cavity and caused the
generation of anisotropic Hermite-Gaussian modes with various aspect ratios under
propagation. In addition, the off-axis pump was useful in generating the various high-order
astigmatic HG modes. The numerical results are in a good agreement with the experimental
results.

4. Transformation from astigmatic Hermite-Gaussian modes to Laguerre-Gaussian
modes

The transformation between isotropic HG modes and LG modes by use of mode converters is
experimentally and theoretically analyzed [20]. The transformation from HG modes to LG
modes must fulfill the mode-matching condition. To modify the differing divergence angle of
the lasing modes emitted from the hemi-cylindrical cavity, an extra-cavity plano-convex
cylindrical lens with a focal length of 2 cm was placed at a distance of 2 cm from the beam

waist and rotated to an angle of 8 =40° to transform the lasing modes. Figures 4(a)—4(e)
show the experimental transverse profile of the astigmatic HG, mode from the near field to
the far field after transformation. The cavity length was fixed at L =5mm , The added

cylindrical lens modified the divergence angle and altered the phase of the astigmatic HG
modes.
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Fig. 4. (a)—(e): Experimental results of the transformation from astigmatic HG,o mode to LG
mode. (a’)—(e’): Numerically reconstructed patterns for the experimental results.

The anisotropic HGgo mode is transformed into LGy mode. To explain the
transformation behavior of the mode with the result of Fresnel integral, we have to find the
new basis which corresponds to the same axes (x; and y; axes) of the added cylindrical lens.
Consequently, we expanded the rotated HG mode into a set of HG bases without rotation and
determined the weighting coefficient to achieve the effect caused by an extra-cavity
cylindrical lens with an angle €. Using the generating function and an algebraic calculation,
the rotated HG mode with the same axes of the extra-cavity cylindrical lens can be expressed
in the elegant form:

N N
un,nz(xlﬂyl’z):ZdVZN N(e)ux,Nf.v (x9y9z) (6)
s=0

S——,n——
2

2

where X, =xcos@+ ysin@ , y, =x(—sin@)+ycos@ N =n+m, and

d%N v (8) =s1(N =s)Wnl (N —n)!

.‘._7"1_ 2
n+s—=2v m—s+2v

v (7

wer ()] (3] |

vemagos—n]  VIIN=n—=v)!(s=v)(n—s+v)!

X

The weighting coefficient, Eq. (7), of the HG basis without rotation is the same as Wigner d-
coefficient [31]. It revealed the equivalence of the basis in Eq. (6) and a basis represented by
SU(2) transform. By substituting Eq. (4) into (6), the field distribution of the astigmatic HG
modes traveling through a cylindrical lens with an angle of rotation € can be clearly
demonstrated. Figures 4(a’)—4(e’) display the numerical results according to the experimental
patterns in Figs. 4(a)-4(e). The corresponding parameters of the numerical results were

R, =1500mm R =12mm  L=5mm  6=40° and the focal length of the extra-

cylindrical lens for the ABCD matrix was / =20mm  The matrix for the lasing modes which
pass through the extra-cavity cylindrical lens can be expressed as

worl 704

and
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, where d is the distance of 2 cm from the beam waist to the extra-cavity cylindrical lens. The
transverse profile of the astigmatic HGyp mode can be converted to a circular-symmetric
distribution at the far field by using of a single extra-cavity cylindrical lens. We employed the
same concept to address the astigmatic high-order HG mode. Figures 5(a)-5(e) show the
experimental transverse profile of the astigmatic HGos mode from the near field to the far

field after transformation. The cavity length and the pump offset were fixed at 8mm and
105um | respectively. The transverse profile of the astigmatic HGy s mode gradually became

an elliptically shaped distribution at the position z=12c¢m | and the elliptically shaped
distribution subsequently became a doughnut-shaped distribution, which is the LG mode.

Fig. 5. (a)—(e): Experimental results for the transformation from the astigmatic HGo ¢ mode to
the LG mode. (a’)—(e’): Numerically reconstructed patterns for the experimental results.

Figures 5(a’)-5(e’) show the numerical results. The corresponding parameters of the
numerical results were set as R =500 mm R, =12mm and 6 =40°. The transverse profile

remained the same after position z=100 cm . The theoretical analysis clearly demonstrated
the effect of the single extra-cavity cylindrical lens, which was designed to transform the
astigmatic high-order HG modes into high-order LG modes. Although we developed a novel
experimental approach for converting astigmatic HG modes to LG modes, the output beam
was not perfect. In Fig. 6 we show the phase structures for the transformed beam shown in
Fig. 5(¢’) and for a pure LG mode to clarify the difference. The phase singularity of a pure
LG mode was located at the center; the phase singularity of the transformed LG mode was not
located at the center, but it splits into six phase singularities near the center.

A larger pump offset was used to achieve the high-order modes. Figures 7(a)-7(d) show
the experimental transverse profile of the extremely high-order astigmatic HG mode from the
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Fig. 6. (a): Phase distribution of a pure LG mode with an azimuthal index of 6. (b): Phase
distribution of the numerical result for the transformed LG mode shown in Fig. 5(¢”).

near field to the far field after transformation. The propagation positions were z=0, lem
10cm | and 100cm | corresponding to the Figs. 7(a) to Figs. 7(d). The cavity length and the
pump offset were fixed at 8mm and 300 #m |, respectively. The index of the astigmatic HG

mode was determined to be HGy4; by counting the nodes of the transverse pattern. Figures
7(a’)-7(d’) show the numerical results. The corresponding parameters of the numerical results

were set to R =1000mm | R =12mm  and €=40". The experimental patterns and the

numerical results were similar in appearance, but slightly differed in structure. According to
the overlapping feature shown in Fig. 7(a) and the spot-like pattern shown in Fig. 7(d), the
experimental result is reasonably assumed to be the transformation from the superposed HG
modes to the superposed LG modes. The method of using a pair of cylindrical lenses as a
mode converter to transform HG and LG modes has been developed and applied in optical
systems [32—34]. The theoretical analyses of a general astigmatic system have been discussed
in several studies [28, 35,36]. However, this is the first study to generate astigmatic HG
beams from a hemi-cylindrical cavity and transform the input beam to high-order LG beams
using a single extra-cavity cylindrical lens. When using this method, the azimuthal index of
the LG mode was over 40.

Fig. 7. (a)—(d): Experimental results for the transformation from the astigmatic HGy 4; mode to

the LG mode. The positions were z=0 R lem s 10 m | and 100 m - (a)—(d):
Numerically reconstructed patterns for the experimental results.

Previous research has revealed that the superposition of eigenmodes is ubiquitous in
degenerate cavities [37-39]. We extended this observation into the concept of superposition
of LG modes. In addition to doughnut-like LG modes, another type of complex optical mode
can be generated using the method involving a defocusing pump. Figure 8(a) shows the
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unique transverse profile at the far field. The numerical result shown in Fig. 8(b) indicates the
superposition of two astigmatic HG modes, HG; ; mode and HGy ;; mode, used

[0 =

Fig. 8. (a): Experimental result for the transformation from the superposed astigmatic HG
modes, HG,, mode and HGy ;; mode. (b): Numerically reconstructed pattern of (a). (c): Phase
distribution of (b).

to reconstruct the experimental result. The numerical result qualitatively agrees with the
experimental result. Figure 8(c) depicts the phase distribution of the numerical result. The
phase singularities were arranged at the center and the dark points of the outer ring of the
transverse profile. The superposition of the high-order LG modes was demonstrated by using
the astigmatic cavity and a single cylindrical lens.

In addition, Figs. 9(a)-9(d) show several unique flower-type modes, which resulted from
using a high degree of defocusing pump at the far field. Therefore, regarding the
superposition of the LG modes, the off-axis and defocusing pumps are the primary reasons
for the generation of these flower-type modes. The offset for generating these modes was set
to approximately 250 4m | The symmetry of these flower-type modes resulted from the
longitudinal-transverse coupling of degenerate cavities. The longitudinal-transverse coupling
usually leads to the frequency locking among different transverse modes with the help of
different longitudinal orders [37]. The degeneracies for Figs. 9(a)-9(d) were fixed at

Fig. 9. (a)—~(d): Experimental transverse patterns of the flower-type modes at the far field. The
cavity lengths are (a): 7.9 mm, (b): 6.9 mm, (c): 8.5 mm, (d): 7.5 mm.

Av,[Av, =3/10 | 3/11, 5/16 | and 2/7 , respectively. The AVr is the transverse mode

spacing, and the AV, is the longitudinal mode spacing. In a hemi-cylindrical cavity the

AV, [AV, can be expressed as (1/7 Jcos™ (\11 ~L/R, ) . Figure 10 shows the far field patterns

for the superposition of the anisotropic HG modes without the extra-cavity cylindrical lens in
degenerate cavities corresponding to Fig. 9. It revealed that the far-field patterns for the
superposition of the anisotropic HG modes emitted from degenerate cavities are difficult to
indicate any difference from each other. However, the distribution of the far-field pattern
shown in Fig. 10 indicated some concepts for numerical reconstruction. The components of
the superposed modes are extremely high-order in the y direction because the pump offset for
generating these modes are only in the y-axis direction. Using the extra-cavity cylindrical lens
leads to the formation of the flower-type patterns which are transformed from the
superposition of the anisotropic HG modes in degenerate cavities. We use the concept of
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Fig. 10. (a)—(d): The far-field patterns for the superposition of the anisotropic HG modes in
degenerate cavities without the added cylindrical lens corresponding to Figs. 9(a) —9(d).

Fig. 11. Numerical results for the patterns transformed from the superposed astigmatic HG
modes at far field. (a): HG5,5 + HG5‘15 + HG5125 + HG5135, (b) HG3_3 + HGS,M + HG3.25 + HG3~365
(©): HGg 6 + HGe 22, (d): HG22 + HGa9 + HGa,16 + HG225 + HGa3 -

longitudinal-transverse coupling to superpose the degenerate anisotropic HG modes. Figure
11 show the numerical results according to the degenerate cavities for the Figs. 9(a)-9(d).
Figure 11 displays the 10-fold, the 11-fold, the 16-fold, and the 7-fold rotational symmetry,
and the symmetries are the same for Figs. 9(a)-9(d). Because it is difficult to precisely
determine the components of the complicated flower-type modes, the reconstructed results are
not optimal so far. Analyses of the structure and components of these complicated transverse
modes are interesting questions to be considered in future studies.

5. Conclusion

In conclusion, we used a hemi-cylindrical laser cavity with an extra-cavity cylindrical lens to
transform astigmatic HG beams into LG beams. By performing experimental-theoretical
analysis, the transverse laser patterns were systematically reconstructed. In addition, we
manipulated the order and the complexity of the lasing modes converted using a simple
optical system by controlling the pump offset and the degree of defocus. The experimental
results revealed that the unique flower-type laser patterns generally originate from a
superposition of high-order LG modes which are transformed from the superposition of
anisotropic HG modes in degenerate cavities. The proposed method is expected to be
constructive for generating structured light that carries orbital angular momentum and optical
vortices in several applications. By using the analogy between optical waves of laser cavities
and quantum waves in a mesoscopic system, this study provides informative insights into
investigating the wave nature of quantum systems.
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